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AUTOMORPHISM GROUPS OF ALMOST HOMOGENEOUS
VARIETIES
MICHEL BRION
Abstract. Consider a smooth connected algebraic group G acting on a
normal projective variety X with an open dense orbit. We show that
Aut(X) is a linear algebraic group if so is G; for an arbitrary G, the group
of components of Aut(X) is arithmetic. Along the way, we obtain a re-
strictive condition for G to be the full automorphism group of some normal
projective variety.
1. Introduction
Let X be a projective algebraic variety over an algebraically closed field k.
It is known that the automorphism group Aut(X) has a structure of locally
algebraic group (see [Gro61, p. 268]. This yields an exact sequence
1 −→ Aut0(X) −→ Aut(X) −→ pi0Aut(X) −→ 1,
where Aut0(X) is (the group of k-rational points of) a smooth connected
algebraic group, and pi0Aut(X) is a discrete group.
To analyze the structure of Aut(X), one may start by considering the con-
nected automorphism group Aut0(X) and the group of components pi0Aut(X)
separately. It turns out that there is no restriction on the former: every smooth
connected algebraic group is the connected automorphism group of some nor-
mal projective variety X (see [Bri14, Thm. 1]). In characteristic 0, we may
further take X to be smooth by using equivariant resolution of singularities
(see e.g. [Kol07, Chap. 3]).
By constrast, very little is known on the structure of the group of com-
ponents. Every finite group G can be obtained in this way, as G is the full
automorphism group of some smooth projective curve (see the main result of
[MV83]). But the group of components is generally infinite, and it is unclear
how infinite it can be.
The long-standing question whether this group is finitely generated has been
recently answered in the negative by Lesieutre. He constructed an example of
a smooth projective variety of dimension 6 having a discrete, non-finitely gen-
erated automorphism group (see [Les16]). His construction has been further
extended in all dimensions at least 2 by Dinh and Oguiso, see [DO17]. The
former result is obtained over an arbitrary field of characteristic 0, while the
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latter is over the complex numbers. On the positive side, pi0Aut(X) is known
to be finitely presented for some interesting classes of projective varieties, in-
cluding abelian varieties (see [Bor62]) and complex hyperka¨hler manifolds (see
[CF18, Thm. 1.5]).
In this article, we obtain three results on automorphism groups, which gen-
eralize recent work. The first one goes in the positive direction for almost ho-
mogeneous varieties, i.e., those on which a smooth connected algebraic group
acts with an open dense orbit.
Theorem 1. Let X be a normal projective variety, almost homogeneous under
a linear algebraic group. Then Aut(X) is a linear algebraic group as well.
This was first obtained by Fu and Zhang in the setting of compact Ka¨hler
manifolds (see [FZ13, Thm. 1.2]). The main point of their proof is to show that
the anticanonical line bundle is big. This relies on Lie-theoretical methods,
in particular the g-anticanonical fibration of [HO84, I.2.7], also known as the
Tits fibration. But this approach does not extend to positive characteristics,
already when X is homogeneous under a semi-simple algebraic group: then
any big line bundle on X is ample, but X is generally not Fano (see [HL93]).
To prove Theorem 1, we construct a normal projective variety X ′ equipped
with a birational morphism f : X ′ → X such that the action of Aut(X) on X
lifts to an action on X ′ that fixes the isomorphism class of a big line bundle.
For this, we use a characteristic-free version of the Tits fibration (Lemma 3.1).
Our second main result goes in the negative direction, as it yields many
examples of algebraic groups which cannot be obtained as the automorphism
group of a normal projective variety. To state it, we introduce some notation.
Let G be a smooth connected algebraic group. By Chevalley’s structure
theorem (see [Con02] for a modern proof), there is a unique exact sequence of
algebraic groups
1 −→ Gaff −→ G −→ A −→ 1,
where Gaff is a smooth connected affine (or equivalently linear) algebraic group
and A is an abelian variety. We denote by AutGaffgp (G) the group of automor-
phisms of the algebraic group G which fix Gaff pointwise.
Theorem 2. With the above notation, assume that the group AutGaffgp (G) is
infinite. If G ⊂ Aut(X) for some normal projective variety X, then G has
infinite index in Aut(X).
It is easy to show that AutGaffgp (G) is an arithmetic group, and to construct
classes of examples for which this group is infinite, see Remarks 4.3.
If G is an abelian variety, then AutGaffgp (G) is just its group of automorphisms
which fix the origin. In this case, Theorem 2 is due (in essence) to Lombardo
and Maffei, see [LM18, Thm. 2.1]. They also obtain a converse over the
complex numbers: given an abelian variety G with finite automorphism group,
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they construct a smooth projective variety X such that Aut(X) = G (see
[LM18, Thm. 3.9]).
Like that of [LM18, Thm. 2.1], the proof of Theorem 2 is based on the
existence of a homogeneous fibration ofX over an abelian variety, the quotient
of A by a finite subgroup scheme. This allows us to construct an action on X
of a subgroup of finite index of AutGaffgp (G), which normalizes G and intersects
this group trivially.
When X is almost homogeneous under G, the Albanese morphism provides
such a homogeneous fibration, as follows from [Bri10, Thm. 3]. A finer analysis
of its automorphisms leads to our third main result.
Theorem 3. Let X be a normal projective variety, almost homogeneous under
a smooth connected algebraic group G. Then pi0Aut(X) is an arithmetic group.
In positive characteristics, pi0Aut(X) is commensurable with Aut
Gaff
gp (G).
(The second assertion does not hold in characteristic 0, see Remark 5.5).
These results leave open the question whether every linear algebraic group
is the automorphism group of a normal projective variety. Further open ques-
tions are discussed in the recent survey [Can18], in the setting of smooth
complex projective varieties.
Acknowledgments. The above results have first been presented in a lec-
ture at the School and Workshop on Varieties and Group Actions (Warsaw,
September 23–29, 2018), with a more detailed and self-contained version of
this article serving as lecture notes (see [Bri18]). I warmly thank the orga-
nizers of this event for their invitation, and the participants for stimulating
questions. Also, thanks to Roman Avdeev, Yves de Cornulier, Fu Baohua,
He´le`ne Esnault and Bruno Laurent for helpful discussions or email exchanges
on the topics of this article. Special thanks are due to Serge Cantat for very
enlightening suggestions and corrections, and to Gae¨l Re´mond for his decisive
help with the proof of Theorem 3.
This work was partially supported by the grant 346300 for IMPAN from
the Simons Foundation and the matching 2015-2019 Polish MNiSW fund.
2. Some preliminary results
We first set some notation and conventions, which will be valid throughout
this article. We fix an algebraically closed field k of characteristic p ≥ 0.
By a scheme, we mean a separated scheme over k, unless otherwise stated;
a subscheme is a locally closed k-subscheme. Morphisms and products of
schemes are understood to be over k as well. A variety is an integral scheme
of finite type. An algebraic group is a group scheme of finite type; a locally
algebraic group is a group scheme, locally of finite type.
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Next, we present some general results on automorphism groups, refering
to [Bri18, Sec. 2] for additional background and details. We begin with a
descent lemma for actions of locally algebraic groups, analogous to a result of
Blanchard in complex geometry (see also [BSU13, Prop. 4.2.1]):
Lemma 2.1. Let f : X → Y be a proper morphism of schemes such that
f∗(OX) = OY . Let G be a locally algebraic group acting on X via α : G×X →
X. Then the following conditions are equivalent:
(i) There exists an action β : G× Y → Y such that the diagram
(2.1) G×X
α
//
idG×f

X
f

G× Y
β
// Y
commutes (i.e., f is equivariant).
(ii) The diagonal action of G on X ×X normalizes the closed subscheme
X ×Y X.
(iii) The composition f ◦ α is constant on the fibers of idG × f .
Under these conditions, β is unique. Moreover, these hold if G is connected.
Proof. The implications (i)⇒(ii) and (ii)⇒(iii) are readily verified.
(iii)⇒(i) By [EGA, II.8.11], there exists a unique morphism β such that
the diagram (2.1) commutes, provided that (a) idG × f is proper, and (b)
(idG × f)∗(OG×X) = OG×Y . But (a) holds as idG × f is obtained from f by
the base change pr2 : G× Y → Y . To check (b), choose open affine coverings
(Ui) of G and (Vj) of Y . Then the Ui × Vj form an open affine covering of
G× Y , and
(idG × f)∗(OG×X)(Ui × Vj) = O(Ui × f
−1(Vj)) = O(Ui)⊗O(f
−1(Vj))
= O(Ui)⊗O(Vj) = O(Ui × Vj),
where the second equality holds since f−1(Vj) is quasi-compact, and the third
one, since f∗(OX) = OY .
This completes the proof of the existence and uniqueness of the morphism
β. That β is an action also follows from the uniqueness assertion in [EGA,
II.8.11]. More specifically, the morphism β◦(eG×idY ) : Y → Y is the identity,
since its composition with f equals f . Also, denoting by m : G×G→ G the
multiplication, the morphisms
β ◦ (m× idY ), β ◦ (idG × β) : G×G× Y −→ Y
are equal, since so are their compositions with idG×G×f (note that idG×G×f :
G×G×X → G×G× Y satisfies (a) and (b) by the above argument).
Finally, (iii) holds when G is connected, as follows from the rigidity lemma
in [Mum08, §4]. 
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The following observation is a direct consequence of Lemma 2.1:
Lemma 2.2. Let f : X → Y be a birational morphism, where X and Y are
normal projective varieties. Assume that the action of Aut(Y ) on Y lifts to an
action on X. Then the corresponding homomorphism ρ : Aut(Y ) → Aut(X)
is a closed immersion.
Proof. By Zariski’s Main Theorem, f satisfies the assumptions of Lemma 2.1.
So this lemma yields a homomorphism f∗ : G→ Aut(Y ), where G denotes the
(reduced) normalizer of X×Y X in Aut(X). As f restricts to an isomorphism
on dense open subvarieties of X and Y , we see that f∗ and ρ are mutually
inverse. Since G is closed in Aut(X) (see [DG70, II.1.3.6]), this yields the
statement. 
We now consider the action of automorphisms on line bundles. Given a
projective variety X , the Picard group Pic(X) has a canonical structure of
locally algebraic group (see [Gro62]); its group of components, the Ne´ron-
Severi group NS(X), is finitely generated by [SGA6, XIII.5.1]. The action
of Aut(X) on Pic(X) via pullback extends to an action of the corresponding
group functors, and hence is given by a morphism of schemes
α : Aut(X)× Pic(X) −→ Pic(X).
Thus, for any line bundle L on X with class [L] ∈ Pic(X), the reduced stabi-
lizer Aut(X, [L]) is closed in Aut(X). Also, α takes Aut0(X)× [L] to Pic0(X),
hence induces an action of pi0Aut(X) on NS(X). In turn, this yields an action
of pi0Aut(X) on the quotient of NS(X) by its torsion subgroup: the group of
line bundles up to numerical equivalence, that we denote by N1(X). Also, we
denote by [L]num the class of L in N
1(X), and by Aut(X, [L]num) its reduced
stabilizer in Aut(X). Then Aut(X, [L]num) contains Aut
0(X), and hence is a
closed subgroup of Aut(X), also containing Aut(X, [L]).
For any integer n, the space H0(X,L⊗n) is equipped with a projective rep-
resentation of the locally algebraic group Aut(X, [L]); moreover, the canonical
rational map
fn : X 99K PH
0(X,L⊗n)
(where the right-hand side denotes the projective space of hyperplanes in
H0(X,L⊗n)) is equivariant relative to the action of Aut(X, [L]) (see [Bri18,
Sec. 2] for details on these results).
Recall that L is big if fn is birational onto its image for some n ≥ 1. (See
[KM98, Lem. 2.60] for further characterizations of big line bundles).
Lemma 2.3. Let L a big and nef line bundle over a projective variety X.
Then Aut(X, [L]num) is an algebraic group.
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Proof. It suffices to show that the locally algebraic group G := Aut(X, [L]num)
has finitely many components. For this, we adapt the arguments of [Lie78,
Prop. 2.2] and [Zha09, Lem. 2.23].
By Kodaira’s lemma, we have L⊗n ≃ A⊗E for some positive integer n ≥ 1,
some ample line bundle A and some effective line bundle E on X (see [KM98,
Lem 2.60]). Since G is a closed subgroup of Aut(X, [L⊗n]num), we may assume
that n = 1.
Consider the ample line bundle A ⊠ A on X × X . We will show that the
degrees of the graphs Γg ⊂ X×X , where g ∈ G, are bounded independently of
g. These graphs form a family of normal irreducible algebraic cycles on X×X ,
parameterized by G (a disjoint union of open and closed smooth varieties).
This yields a morphism from G to the “Chow variety” ChowX×X , which is
an open immersion in view of [Kol99, I.3.17, I.6.3]. Since the cycles of any
prescribed degree form a subscheme of finite type of ChowX×X , it follows that
G has finitely many components indeed.
Let d := dim(X) and denote by L1 · · ·Ld the intersection number of the
line bundles L1, . . . , Ld on X ; also, we denote the line bundles additively. By
[FGA05, Thm. 9.6.3], L1 · · ·Ld only depends on the numerical equivalence
classes of L1, . . . , Ld. With this notation, the degree of Γg relative to A⊠A is
the self-intersection number (A + g∗A)d. We have
(A + g∗A)d = (A+ g∗A)d−1 · (L+ g∗L)− (A+ g∗A)d−1 · (E + g∗E).
We now use the fact that L1 · · ·Ld−1 · E ≥ 0 for any ample line bundles
L1, . . . , Ld−1 (this is a very special case of [Ful, Ex. 12.1.7]), and hence for any
nef line bundles L1, . . . , Ld−1 (since the nef cone is the closure of the ample
cone). It follows that
(A+ g∗A)d ≤ (A+ g∗A)d−1 · (L+ g∗L)
= (A+ g∗A)d−2 · (L+ g∗L)2 − (A + g∗A)d−2 · (L+ g∗L) · (E + g∗E).
Using again the above fact, this yields
(A+ g∗A)d ≤ (A+ g∗A)d−2 · (L+ g∗L)2.
Proceeding inductively, we obtain
(A+ g∗A)d ≤ (L+ g∗L)d.
Since g∗L is numerically equivalent to L, this yields the desired bound
(A+ g∗A)d ≤ 2d Ld.

Lemma 2.4. Let L be a big line bundle on a normal projective variety X.
Then Aut(X, [L]) is a linear algebraic group.
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Proof. Since G := Aut(X, [L]) is a closed subgroup of Aut(X, [L⊗n]), we may
assume that
f1 : X 99K PH
0(X,L)
is birational onto its closed image Y1. Note that f1 is G-equivariant and the
action of G on PH0(X,L) stabilizes Y1.
Consider the blowing-up of the base locus of L, as in [Har77, Ex. II.7.17.3],
and its normalization X˜ . Denote by
pi : X˜ −→ X
the resulting birational morphism, and let L˜ := pi∗(L). Then L˜ = L′⊗E, where
L′ is a line bundle generated by its subspace of global sections H0(X,L), and
E is an effective line bundle. Moreover, the action of G on X lifts to an action
on X˜ which fixes both classes [L˜] and [L′]. We now claim that the image of
the resulting homomorphism ρ : G→ Aut(X˜, [L′]) is closed.
Since X is normal, we have pi∗(OX˜) = OX ; thus, L = pi∗(L˜). In view of
Lemma 2.1, it follows that the image of ρ is the reduced intersection of the
stabilizer of [L˜] and the normalizer of the fibered product X˜×X X˜. This yields
our second claim.
By this claim, we may replace the pair (X,L) with (X˜, L′); equivalently, we
may assume that the big line bundle L is generated by its global sections. The
Stein factorization of f1 : X → Y1 yields a birational morphism f : X → Y ,
where Y is a normal projective variety. Then L = f ∗(M), where M is an
ample line bundle on Y ; moreover, f is G-equivariant, since so is f1. Also,
Aut(X, [L]num) is an algebraic group by Lemma 2.3. Since G is a closed
subgroup of Aut(X, [L]num), it is algebraic as well. Thus, the image of the
homomorphism G→ Aut(PH0(X,L)) ≃ PGLN is closed. As f is birational,
the scheme-theoretic kernel of this homomorphism is trivial; this completes
the proof. 
Finally, we record a classical bigness criterion, for which we could locate no
reference in the generality that we need:
Lemma 2.5. Consider an effective Cartier divisor D on a projective variety
X and let U := X \ Supp(D). If U is affine, then OX(D) is big.
Proof. Denote by s ∈ H0(X,OX(D)) the canonical section; then f is defined
on the open subvariety Xs ⊂ X , the complement of the zero locus of s. Let
h1, . . . , hr be generators of the k-algebra O(U). Then there exist positive
integers n1, . . . , nr such that hi s
ni ∈ H0(X,OX(niD)) for i = 1, . . . , r. As a
consequence, hi s
n ∈ H0(X,OX(nD)) for any n ≥ n1, . . . , nr. It follows that
f restricts to a closed immersion Xs → PH
0(X,OX(nD))s. 
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3. Proof of Theorem 1
We first obtain a characteristic-free analogue of the Tits fibration:
Lemma 3.1. Let G be a connected linear algebraic group, and H a subgroup
scheme. For any n ≥ 1, denote by Gn the n-th infinitesimal neighborhood of
the neutral element e in G.
(i) The union of the Gn (n ≥ 1) is dense in G.
(ii) For n ≫ 0, we have the equality NG(H
0) = NG(H
0 ∩ Gn) of scheme-
theoretic normalizers.
(iii) The canonical morphism f : G/H → G/NG(H
0) is affine.
Proof. (i) Denote by m ⊂ O(G) the maximal ideal of e; then
Gn = Spec(O(G)/m
n)
for all n. Thus, the assertion is equivalent to
⋂
n≥1m
n = 0. This is proved in
[Jan03, I.7.17]; we recall the argument for the reader’s convenience. If G is
smooth, then O(G) is a noetherian domain, hence the assertion follows from
Nakayama’s lemma. For an arbitrary G, we have an isomorphism of algebras
O(G) ≃ O(Gred)⊗ A,
where A is a local k-algebra of finite dimension as a k-vector space (see [DG70,
III.3.6.4]). Thus, m = m1⊗1+1⊗m2, where m1 (resp. m2) denotes the maximal
ideal of e in O(Gred) (resp. the maximal ideal of A). We may choose an integer
N ≥ 1 such that mN2 = 0; then m
n ⊂ mn−N1 ⊗ A for all n ≥ N . Since Gred is
smooth and connected, we have
⋂
n≥1m
n
1 = 0 by the above step; this yields
the assertion.
(ii) Denote by I ⊂ O(G) the ideal of H0; then the ideal of H0 ∩ Gn is
I +mn. Consider the action of G on itself by conjugation; this yields a linear
representation of G on O(G) for which NG(H
0) = NG(I) and NG(H
0∩Gn) =
NG(I+m
n). Given an algebra R, the group ofR-points NG(I+m
n)(R) consists
of those g ∈ G(R) such that
Int(g)((I +mn)⊗ R⊗ S) = (I +mn)⊗R ⊗ S
for any algebra S (see [DG70, II.1.3.5]). This is equivalent to
Int(g)(I ⊗ R⊗ S) ⊂ (I +mn)⊗R ⊗ S
for all such S. Since mn ⊂ mn−1, it follows that NG(I +m
n) ⊂ NG(I +m
n−1).
This decreasing sequence of closed subschemes of G must stop, say at
K = NG(I +m
n0) =
⋂
n≥0
NG(I +m
n).
Let g ∈ K(R), then J := Int(g)(I ⊗ R ⊗ S) is an ideal of R ⊗ S. Denote
by J¯ its image in the quotient (O(G)/I) ⊗ R ⊗ S = O(H0) ⊗ R ⊗ S. Then
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J¯ ⊂ m¯n ⊗ R⊗ S for all n, where m¯ is the maximal ideal of O(H0) associated
with the neutral element. Since
⋂
n≥1(m¯
n ⊗R⊗ S) = (
⋂
n≥1 m¯
n)⊗R⊗ S and⋂
n≥1 m¯
n = 0 by (i), we obtain J¯ = 0, that is, Int(g)(I ⊗R⊗ S) ⊂ I ⊗R⊗ S.
Replacing g with g−1, we see that g ∈ NG(I) = NG(H
0). This shows that
K ⊂ NG(H
0); the opposite inclusion follows from the fact that G normalizes
each Gn.
(iii) We have a commutative triangle
G/H0
ψ
&&▼
▼
▼
▼
▼
▼
▼
▼
▼
▼
ϕ

G/H
f
// G/NG(H
0),
where ϕ is a torsor under H/H0 (a finite constant group), and ψ is a torsor
under NG(H
0)/H0 (a linear algebraic group). In particular, ψ is affine. Let
U be an open affine subscheme of G/NG(H
0). Then ψ−1(U) ⊂ G/H0 is open,
affine and stable under H/H0. Hence f−1(U) = ϕ(ψ−1(U)) is affine. 
Remarks 3.2. (i) The first infinitesimal neighborhood G1 may be identified
with the Lie algebra g of G; thus, G1 ∩ H
0 = H01 is identified with the Lie
algebra h of H .
If char(k) = 0, then NG(H
0) = NG(h), since every subgroup scheme of G
is uniquely determined by its Lie subalgebra (see e.g. [DG70, II.6.2.1]). As
a consequence, the morphism f : G/H → G/NG(H
0) is the g-anticanonical
fibration considered in [HO84, I.2.7].
By contrast, if char(k) > 0 then the natural morphism G/H → G/NG(h)
is not necessarily affine (see e.g. [Bri10, Ex. 5.6]). In particular, the inclusion
NG(H
0) ⊂ NG(h) may be strict.
(ii) If char(k) = p > 0, then Gpn is the nth Frobenius kernel of G, as defined for
example in [Jan03, I.9.4]; in particular, Gpn is a normal infinitesimal subgroup
scheme of G. Then the above assertion (i) just means that the union of the
iterated Frobenius kernels is dense in G.
We may now prove Theorem 1. Recall its assumptions: X is a normal
projective variety on which a smooth connected linear algebraic group G acts
with an open dense orbit. Since the variety G is rational, X is unirational
and hence its Albanese variety is trivial. By duality, it follows that the Picard
variety Pic0(X) is trivial as well (see [FGA05, 9.5.25]). Thus, Pic(X) is dis-
crete, and hence fixed pointwise by the action of the connected algebraic group
Aut0(X). By Lemma 2.4, this implies that Aut0(X) is linear. We may thus
assume that G = Aut0(X); in particular, G is a normal subgroup of Aut(X).
Denote by X0 ⊂ X the open G-orbit; then X0 is normalized by Aut(X).
Choose x0 ∈ X0(k) and denote by H its scheme-theoretic stabilizer in G. Then
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we have X0 = G · x0 ≃ G/H equivariantly for the G-action. We also have
X0 = Aut(X) · x0 ≃ Aut(X)/Aut(X, x0) equivariantly for the Aut(X)-action.
As a consequence, Aut(X) = G · Aut(X, x0).
Next, choose a positive integer n such that NG(H
0) = NG(H
0∩Gn) (Lemma
3.1). The action of Aut(X) on G by conjugation normalizes Gn and induces
a linear representation of Aut(X) in V := O(Gn), a finite-dimensional vector
space. The ideal of H0 ∩ Gn is a subspace W0 ⊂ V , with stabilizer NG(H
0)
in G. We consider W0 as a k-rational point of the Grassmannian Grass(V )
parameterizing linear subspaces of V of the appropriate dimension. The linear
action of Aut(X) on V yields an action on Grass(V ). The subgroup scheme
Aut(X, x0) fixes W0, since it normalizes Aut(X, x0)
0 = H0. Thus, we obtain
Aut(X) ·W0 = G ·Aut(X, x0) ·W0 = G ·W0 ≃ G/NG(H
0).
As a consequence, the morphism f : G/H → G/NG(H
0) yields an Aut(X)-
equivariant morphism
τ : X0 −→ Y,
where Y denotes the closure of Aut(X) ·W0 in Grass(V ).
We may view τ as a rational mapX 99K Y . LetX ′ denote the normalization
of the graph of this rational map, i.e., of the closure ofX0 embedded diagonally
in X × Y . Then X ′ is a normal projective variety equipped with an action of
Aut(X) and with an equivariant morphism f : X ′ → X which restricts to an
isomorphism above the open orbit X0. By Lemma 2.2, the image of Aut(X)
in Aut(X ′) is closed; thus, it suffices to show that Aut(X ′) is a linear algebraic
group. So we may assume that τ extends to a morphism X → Y , that we will
still denote by τ .
Next, consider the boundary, ∂X := X \ X0, that we view as a closed
reduced subscheme of X ; it is normalized by Aut(X). Thus, the action of
Aut(X) on X lifts to an action on the blowing-up of X along ∂X , and on
its normalization. Using Lemma 2.2 again, we may further assume that ∂X
is the support of an effective Cartier divisor ∆, normalized by Aut(X); thus,
the line bundle OX(∆) is Aut(X)-linearized.
We also have an Aut(X)-linearized line bundle M on Y , the pull-back of
O(1) under the Plu¨cker embedding of Grass(V ). Thus, there exists a positive
integer m and a nonzero section t ∈ H0(Y,M⊗m) which vanishes identically
on the boundary ∂Y := Y \G ·W0. Then L := τ
∗(M) is an Aut(X)-linearized
line bundle on X , equipped with a nonzero section s := τ ∗(t) which vanishes
identically on τ−1(∂Y ) ⊂ ∂X . Denote by D (resp. E) the divisor of zeroes of
s (resp. t). Then D +∆ is an effective Cartier divisor on X , and we have
X \ Supp(D +∆) = X0 \ Supp(D) = f
−1(G ·W0 \ Supp(E)).
Since ∂Y ⊂ Supp(E), we have G ·W0 \Supp(E) = Y \Supp(E). The latter is
affine as M is ample. Since the morphism f is affine (Lemma 3.1), it follows
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that X \ Supp(D + ∆) is affine as well. Hence D + ∆ is big (Lemma 2.5).
Also, OX(D +∆) = L⊗OX(∆) is Aut(X)-linearized. In view of Lemma 2.4,
we conclude that Aut(X) is a linear algebraic group.
4. Proof of Theorem 2
By [Bri10, Thm. 2], there exists a G-equivariant morphism
f : X −→ G/H
for some subgroup scheme H ⊂ G such that H ⊃ Gaff and H/Gaff is finite;
equivalently, H is affine and G/H is an abelian variety. Then the natural map
A = G/Gaff → G/H is an isogeny. Denote by Y the scheme-theoretic fiber
of f at the origin of G/H ; then Y is normalized by H , and the action map
G× Y → X , (g, y) 7→ g · y factors through an isomorphism
G×H Y
≃
−→ X,
where G×H Y denotes the quotient of G× Y by the action of H via
h · (g, y) := (gh−1, h · y).
This is the fiber bundle associated with the fppf H-torsor G → G/H and
the H-scheme Y . The above isomorphism identifies f with the morphism
G×H Y → G/H obtained from the projection G× Y → G.
We now obtain a reduction to the case where G is anti-affine, i.e., O(G) = k.
Recall that G has a largest anti-affine subgroup scheme Gant; moreover, Gant
is smooth, connected and centralizes G (see [DG70, III.3.8]). We have the
Rosenlicht decomposition G = Gant · Gaff ; moreover, the scheme-theoretic in-
tersection Gant∩Gaff contains (Gant)aff , and the quotient (Gant∩Gaff)/(Gant)aff
is finite (see [BSU13, Thm. 3.2.3]). As a consequence,
G = Gant ·H ≃ (Gant ×H)/(Gant ∩H) and G/H ≃ Gant/(Gant ∩H).
Thus, we obtain an isomorphism of schemes
(4.1) Gant ×
Gant∩H Y
≃
−→ X,
and an isomorphism of abstract groups
(4.2) AutHgp(G)
≃
−→ AutGant∩Hgp (Gant).
Next, we construct an action of the subgroup AutHgp(G) ⊂ Aut
Gaff
gp (G) on
X . Let γ ∈ AutH(G). Then γ × id is an automorphism of G× Y , equivariant
under the above action of H . Moreover, the quotient map G× Y → G×H Y
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is a fppf H-torsor, and hence a categorical quotient. It follows that there is a
unique automorphism δ of G×H Y = X such that the diagram
G× Y
γ×id
//
f

G× Y
f

X
δ
// X
commutes. Clearly, the assignement γ 7→ δ yields a homomorphism of abstract
groups
ϕ : AutHgp(G) −→ Aut(X).
We also have a natural homomorphism
ψ : AutHgp(G) −→ Autgp(G/H) = Aut(G/H, 0).
By construction, f is equivariant under the action of AutHgp(G) on X via ϕ,
and its action on G/H via ψ. Moreover, we have in Aut(X)
ϕ(γ) g ϕ(γ)−1 = γ(g)
for all γ ∈ AutHgp(G) and g ∈ Aut(X). In particular, the image of the homo-
morphism ϕ normalizes G.
Lemma 4.1. With the above notation, ψ is injective. Moreover, AutHgp(G) is
a subgroup of finite index of AutGaffgp (G).
Proof. To show both assertions, we may assume that G is anti-affine by using
the isomorphism (4.2). Then G is commutative and hence its endomorphisms
(as an algebraic group) form a ring, Endgp(G). Let γ ∈ Aut
H
gp(G) such that
ψ(γ) = idG/H ; then γ − idG ∈ Endgp(G) restricts to the trivial endomorphism
of H and takes G to H . Thus, γ − idG factors through a homomorphism
G/H → H ; but every such homomorphism is trivial, since G/H is an abelian
variety and H is affine. So γ − idG = 0, proving the first assertion.
For the second assertion, we may replaceH with any larger subgroup scheme
K such that K/Gaff is finite. By [Bri15, Thm. 1.1], there exists a finite sub-
group scheme F ⊂ G such that H = Gaff · F . Let n denote the order of F ;
then F is contained in the n-torsion subgroup scheme G[n].
We now claim that G[n] is finite for any integer n > 0. If char(k) = p > 0,
then G is a semi-abelian variety (see [BSU13, Prop. 5.4.1]) and the claim
follows readily. If char(k) = 0, then G is an extension of a semi-abelian
variety by a vector group U (see [BSU13, §5.2]. Since the multiplication map
nU is an isomorphism, we have G[n] ≃ (G/U)[n]; this completes the proof of
the claim.
By this claim, we may replace H with the larger subgroup scheme Gaff ·G[n]
for some integer n > 0. Then the restriction map ρ : Autgp(G)→ Autgp(G[n])
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yields an exact sequence
1 −→ AutHgp(G) −→ Aut
Gaff
gp (G) −→ Autgp(G[n]).
Moreover, the image of ρ is finite. Indeed, it is contained in the image of the
analogous map Endgp(G) → Endgp(G[n]), and the latter image is a finitely
generated abelian group (since so is Endgp(G) in view of [BSU13, Lem. 5.1.3])
and is n-torsion (since so is Endgp(G[n])). This completes the proof. 
Lemma 4.2. With the above notation, ϕ is injective. Moreover, its image is
the subgroup of Aut(X) which normalizes G and centralizes Y ; this subgroup
intersects G trivially.
Proof. Let γ ∈ AutHgp(G) such that ϕ(γ) = idX . In view of the equivariance
of f , it follows that ψ(γ) = idG/H . Thus, γ = idG by Lemma 4.1. So ϕ is
injective; we will therefore identify AutHgp(G) with its image in Aut(X).
As already noticed, AutHgp(G) normalizes G; it also centralizes Y by con-
struction. Conversely, let u ∈ Aut(X) normalizing G and centralizing Y .
Since the normalizer of Y in G equals H , the commutator uhu−1h−1 central-
izes Y for any schematic point h ∈ H . Also, uhu−1h−1 ∈ G. But in view
of (4.1), we have X = Gant · Y , where Gant is central in G. It follows that
uhu−1h−1 centralizes X . Hence u centralizes H , and acts on G by conjugation
via some γ ∈ AutHgp(G). For any schematic points g ∈ G, y ∈ Y , we have
u(g · y) = ugu−1u(y) = γ(g)u(y) = γ(g)y, that is, u = ϕ(γ).
It remains to show that AutHgp(G) intersects G trivially. Let γ ∈ Aut
H
gp(G)
such that ϕ(γ) ∈ G. Then γ acts on G/H by a translation, and fixes the
origin. So ψ(γ) = idG/H , and γ = idG by using Lemma 4.1 again. 
Now Theorem 2 follows by combining Lemmas 4.1 and 4.2.
Remarks 4.3. (i) With the above notation, AutHgp(G) is the group of integer
points of a linear algebraic group defined over the field of rational numbers.
Indeed, we may reduce to the case where G is anti-affine, as in the begin-
ning of the proof of Lemma 4.1. Then AutHgp(G) is the group of units of the
ring EndHgp(G) =: R; moreover, the additive group of R is free of finite rank
(as follows from [BSU13, Lem. 5.1.3]). So the group of units of the finite-
dimensional Q-algebra RQ := R⊗ZQ is a closed subgroup of GL(RQ) (via the
regular representation), and its group of integer points relative to the lattice
R ⊂ RQ is just Aut
H
gp(G).
In other terms, AutHgp(G) is an arithmetic group; it follows e.g. that this
group is finitely presented (see [Bor62]).
(ii) The commensurability class of AutGaffgp (G) is an isogeny invariant. Consider
indeed an isogeny u : G→ G′, i.e., u is a faithfully flat homomorphism and its
kernel F is finite. Then u induces isogenies Gaff → G
′
aff and Gant → G
′
ant. In
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view of Lemma 4.1, we may thus assume that G and G′ are anti-affine. Then
F is contained in the n-torsion subgroup scheme G[n] for some integer n ≥ 1,
and this subgroup scheme is finite (as seen in the proof of Lemma 4.1). As
a consequence, there exists an isogeny v : G′ → G such that v ◦ u = nG (the
multiplication map by n in G). Then we have a natural homomorphism
u∗ : Aut
Gaff ·F
gp (G) −→ Aut
G′
aff
gp (G
′)
which lies in a commutative diagram
AutGaff ·G[n]gp (G)
u∗
//

Aut
G′
aff
·Ker(v)
gp (G′)
v∗
//

AutGaffgp (G)
AutGaff ·Fgp (G)
u∗
// Aut
G′
aff
gp (G′),
where all arrows are injective, and the images of the vertical arrows have finite
index (see Lemma 4.1 again). Moreover, the image of the homomorphism
v∗ ◦u∗ = (v ◦u)∗ = (nG)∗ has finite index as well, since this homomorphism is
identified with the inclusion of AutGaff ·G[n]gp (G) in Aut
Gaff
gp (G). This yields our
assertion.
(iii) There are many examples of smooth connected algebraic groups G such
that AutGaffgp (G) is infinite. The easiest ones are of the form A × Gaff , where
A is an abelian variety such that Aut(A, 0) is infinite. To construct further
examples, let G be any smooth connnected algebraic group, α : G → A the
quotient homomorphism by Gaff , and h : A→ B a non-zero homomorphism to
an abelian variety. Then G′ := G× B is a smooth connected algebraic group
as well, and the assignment (g, b) 7→ (g, b+h(α(g))) defines an automorphism
of G′ of infinite order, which fixes pointwise G′aff = Gaff .
5. Proof of Theorem 3
By [Bri10, Thm. 3], the Albanese morphism of X is of the form
f : X −→ G/H,
where H is an affine subgroup scheme of G containing Gaff . Thus, we have as
in Section 4
X ≃ G×H Y ≃ Gant ×
K Y,
where K := Gant ∩ H , and Y denotes the fiber of f at the origin of G/H .
Then Y is a closed subscheme of X , normalized by H .
Lemma 5.1. (i) Gant is the largest anti-affine subgroup of Aut(X). In
particular, Gant is normal in Aut(X).
(ii) f∗(OX) = OG/H .
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(iii) If K is smooth, then Y is a normal projective variety, almost homoge-
neous under H0red.
Proof. (i) Let J ⊂ Aut(X) be an anti-affine subgroup scheme. Then J is a
central subgroup scheme of Aut0(X), and hence so is J ·Gant. Since we have
O(J ·Gant) ⊂ O(J×Gant), we see that J ·Gant is anti-affine as well. To prove the
assertion, we may thus assume that Gant ⊂ J . Then G
′ := Gaff ·J is a smooth
connected subgroup scheme of Aut0(X) containing G as a normal subgroup
scheme. SinceX is almost homogeneous under G′, we obtainG/H = G′/H ′ for
some linear subgroup scheme H ′ of G′. Thus, G′ = G ·H , and G′/G ≃ H ′/H
is linear. But G′/G = J/J ∩Gaff is anti-affine. Hence G
′ = G, and J = Gant.
(ii) Consider the Stein factorization f = g ◦ h, where g : X ′ → G/H is
finite, and h : X → X ′ satisfies h∗(OX) = OX′ . By Lemma 2.1, the G-action
on X descends to a unique action on X ′ such that g is equivariant. As a
consequence, X ′ is a normal projective variety, almost homogeneous under
this action, and h is equivariant as well. Let H ′ ⊂ G denote the scheme-
theoretic stabilizer of a k-rational point of the open G′-orbit in X . Then
H ′ ⊂ H and the homogeneous space H/H ′ is finite. It follows that H ′ ⊃ Gaff ,
i.e., G/H ′ is an abelian variety. Thus, so is X ′; then X ′ = X and h = id by
the universal property of the Albanese variety.
(iii) Consider the largest reduced subscheme Yred ⊂ Y . Since K is smooth,
it normalizes Yred. Thus, Gant ×
K Yred may be viewed as a closed subscheme
of Gant ×
K Y = X , with the same k-rational points (since Yred(k) = Y (k)). It
follows that X = Gant ×
K Yred, i.e., Y is reduced.
Next, let η : Y˜ → Y denote the normalization map. Then the action
of K lifts uniquely to an action on Y˜ . Moreover, the resulting morphism
Gant×
K Y˜ → X is finite and birational, hence an isomorphism. It follows that
Y is normal. Since Y is connected and closed in X , it is a projective variety.
It remains to show that Y is almost homogenous underH0red =: H
′ (a smooth
connected linear algebraic group). Since the homogeneous spaceH/H ′ is finite,
so is the natural map G/H ′ → G/H ; as a consequence, this map is an isogeny
and G/H ′ is an abelian variety. We have a cartesian square
X ′ := G×H
′
Y //

G/H ′

X = G×H Y // G/H.
As a consequence, X ′ is a normal projective variety, almost homogeneous
under G. Its open G-orbit intersects Y along an open subvariety, which is
unique orbit of H ′. 
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We denote by Aut(X, Y ) the normalizer of Y in Aut(X); then Aut(X, Y )
is the stabilizer of the origin for the action of Aut(X) on Alb(X) = G/H .
Likewise, we denote by Autgp(Gant, K) (resp. Aut(Y,K)) the normalizer of K
in Autgp(Gant) (resp. Aut(Y )).
Lemma 5.2. (i) There is an exact sequence
pi0(K) −→ pi0Aut(X) −→ pi0Aut(X, Y ) −→ 0.
(ii) We have a closed immersion
ι : Aut(X, Y ) −→ Autgp(Gant, K)× Aut(Y,K)
with image consisting of the pairs (γ, v) such that γ|K = Int(v)|K.
Proof. (i) Since the normal subgroup scheme Gant of Aut(X) acts transitively
on G/H = Aut(X)/Aut(X, Y ), we have Aut(X) = Gant · Aut(X, Y ). More-
over, G ∩ Aut(X, Y ) = H , hence Gant ∩ Aut(X, Y ) = K. Thus, we obtain
Aut0(X) = Gant · Aut
0(X, Y ) and
pi0Aut(X) = Aut(X)/Aut
0(X) = Aut(X, Y )/(Gant ·Aut
0(X, Y )∩Aut(X, Y ))
= Aut(X, Y )/(Gant ∩ Aut(X, Y )) · Aut
0(X, Y ) = Aut(X, Y )/K · Aut0(X, Y ).
This yields readily the desired exact sequence.
(ii) Let u ∈ Aut(X, Y ), and v its restriction to Y . Since u normalizes
Gant, we have u(g · y) = Int(u)(g) g · y = Int(u)(g) · v(y) for all schematic
points g ∈ Gant and y ∈ Y . Moreover, u normalizes K, hence Int(u) ∈
Autgp(Gant, K). Since g · y = gh
−1 · h · y for any schematic point h ∈ H , we
obtain v(h·y) = Int(u)(h)·v(y), i.e., Int(u) = Int(v) on K. Thus, u is uniquely
determined by the pair (γ := Int(u), v), and this pair satisfies the assertion.
Conversely, any such pair yields an automorphism u of X normalizing Y , via
u(g · y) := γ(g) · v(y). 
Lemma 5.3. The projection ρ : Aut(X, Y ) → Autgp(Gant, K) induces an
exact sequence
pi0Aut
K(Y ) −→ pi0Aut(X, Y ) −→ I −→ 1,
where I denotes the subgroup of Autgp(Gant, K) consisting of those γ such that
γ|K = Int(v)|K for some v ∈ Aut(Y,K).
Proof. By Lemma 5.2 (ii), we have an exact sequence
1 −→ AutK(Y ) −→ Aut(X, Y )
ρ
−→ I −→ 1.
Moreover, the connected algebraic group Aut(X, Y )0 centralizes Gant in view
of [BSU13, Lem. 5.1.3]; equivalently, Aut(X, Y )0 ⊂ Ker(ρ). This readily yields
the assertion. 
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We now assume that K is smooth; this holds e.g. if char(k) = 0. Then
Aut(Y ) is a linear algebraic group by Theorem 1 and Lemma 5.1 (iii). Thus,
so is the subgroup scheme AutK(Y ), and hence pi0Aut
K(Y ) is finite. In view
of Lemmas 5.2 and 5.3, it follows that pi0Aut(X) is commensurable with I.
To analyze the group I, we consider the homomorphism
pi : I −→ Autgp(K), γ 7−→ γ|K
with kernel AutKgp(Gant). Since K is a commutative linear algebraic group, it
has a unique decomposition
K ≃ D × U,
where D is diagonalizable and U is unipotent. Thus, Autgp(Gant, K) =
Autgp(Gant, D)∩Autgp(Gant, U) and Autgp(Y,K) = Autgp(Y,D)∩Autgp(Y, U).
Moreover,
Autgp(K) ≃ Autgp(D)× Autgp(U).
Under the latter identification, the image of pi is contained in the product of
the images of the natural homomorphisms
piD : Aut(Y,D) −→ Autgp(D), piU : Aut(Y, U) −→ Autgp(U).
The kernel of piD (resp. piU) contains Aut
D(Y ) (resp. AutU(Y ); also, the quo-
tient Aut(Y,D)/AutD(Y ) is finite in view of the rigidity of diagonalizable
group schemes(see [DG70, II.5.5.10]). Thus, the image of piD is finite as well.
If char(k) > 0, then Gant is a semi-abelian variety (see [BSU13, Prop. 5.4.1])
and hence U is finite. In view of the assumption thatK is smooth, U is smooth
as well, hence Autgp(U) is finite. Thus, so is the image of pi. Therefore,
pi0Aut(X) is commensurable with Aut
K
gp(G), and hence with Aut
Gaff
gp (G) by
Lemma 4.1. This completes the proof of Theorem 3 in positive characteristics,
under the additional assumption that K is smooth.
To handle the case where char(k) > 0 and K is no longer assumed smooth,
we consider the nth Frobenius kernel In ⊂ Gant, where n is a positive integer.
Then In∩K is the nth Frobenius kernel of K; thus, the image of K in Gant/In
is smooth for n ≫ 0 (see [DG70, III.3.6.10]). Also, Aut(X) normalizes In
(since it normalizes Gant), and hence acts on the quotient X/In. The latter is
a normal projective variety, almost homogeneous under G/In (as follows from
the results in [Bri17, §2.4]). Moreover, (G/In)ant = Gant/In and we have
Alb(X/In) ≃ Alb(X)/In ≃ Gant/InK ≃ (Gant/In)/(K/In ∩K),
where K/In ∩K is smooth for n≫ 0.
We now claim that the homomorphism Aut(X) → Aut(X/In) is bijective
on k-rational points. Indeed, every v ∈ Aut(X/In)(k) extends to a unique
automorphism of the function field k(X), since this field is a purely inseparable
extension of k(X/In). As X is the normalization of X/In in k(X), this implies
the claim.
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It follows from this claim that the induced map pi0Aut(X)→ pi0Aut(X/In)
is an isomorphism. Likewise, every algebraic group automorphism of Gant
induces an automorphism of Gant/In and the resulting map Autgp(Gant) →
Autgp(Gant/In) is an isomorphism, which restricts to an isomorphism
AutKgp(Gant)
≃
−→ AutK/In∩Kgp (Gant/In).
This yields a reduction to the case where K is smooth, and hence completes
the proof of Theorem 3 in positive characteristics.
It remains to treat the case where char(k) = 0. Then the exact sequence
0 −→ D × U −→ Gant −→ A −→ 0
is classified by a pair of injective homomorphisms
X∗(D) −→ Â(k), U∨ −→ H1(A,OA) = Lie(Â),
where X∗(D) denotes the character group of D, and Â stands for the dual
abelian variety of A (see [BSU13, §5.5]). This defines a finitely generated
subgroup Λ ⊂ Â(k) and a subspace V ⊂ Lie(Â). Moreover, Autgp(Gant)
stabilizes U , and is identified with the subgroup of Autgp(Â) which stabilizes
Λ and V . This identifies I with the subgroup of Autgp(Â,Λ, V ) consisting of
those γ such that γ|V ∈ Aut(Y,K)|V , where Aut(Y,K) acts on V via the dual
of its representation in U . Note that Aut(Y,K)|V is an algebraic subgroup of
GL(V ).Thus, the proof of Theorem 3 will be completed by the following result
due to Gae¨l Re´mond:
Lemma 5.4. Assume that char(k) = 0. Let A be an abelian variety. Let Λ be
a finitely generated subgroup of A(k). Let V be a vector subspace of Lie(A).
Let G be an algebraic subgroup of GL(V ). Let
Γ := {γ ∈ Autgp(A,Λ, V ) | γ|V ∈ G}.
Then Γ is an arithmetic group.
Proof. By the Lefschetz principle, we may assume that k is a subfield of C.
As k is algebraically closed, there is no difference between the automor-
phisms of A and those of its extension to C. Thus, we may assume that
k = C.
We denote W := Lie(A), L ⊂ W its period lattice, and L′ the subgroup
of W containing L such that Λ = L′/L; then L′ is a free abelian group of
finite rank. Let Γ′ := Aut(L)× Aut(L′) ⊂ G′ := Aut(L⊗Q)× Aut(L′ ⊗ Q).
If we choose bases of L and L′ of rank r and s say then this inclusion reads
GLr(Z) × GLs(Z) ⊂ GLr(Q) × GLs(Q). We see G
′ as the group of Q-points
of the algebraic group GLr × GLs over Q. To show that Γ is arithmetic, it
suffices to show that it is isomorphic with the intersection in G′ of Γ′ with the
Q-points of some algebraic subgroup G′′ of GLr ×GLs defined over Q.
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Now it is enough to ensure that G′′(Q) is the set of pairs (ϕ, ψ) ∈ G′
satisfying the following conditions (where ϕR stands for the extension ϕ⊗ idR
of ϕ to W = L⊗ R) :
(1) ϕR is a C-linear endomorphism of W ,
(2) ϕR(L
′ ⊗Q) ⊂ L′ ⊗Q,
(3) ϕR|L′⊗Q = ψ,
(4) ϕR(V ) ⊂ V ,
(5) ϕR|V ∈ G.
Indeed, if (ϕ, ψ) ∈ Γ′ satisfies these five conditions then ϕ ∈ Aut(L) induces
an automorphism of A thanks to (1), it stabilizes Λ ⊗ Q because of (2) and
then Λ itself by (3), since ψ ∈ Aut(L′). With (4) it stabilizes V and (5) yields
that it lies in Γ.
We are thus reduced to showing that these five conditions define an algebraic
subgroup of GLr×GLs (over Q). But the subset of Mr(Q)×Ms(Q) consisting
of pairs (ϕ, ψ) satisfying (1), (2) and (3) is a sub-Q-algebra, so its group of
invertible elements comes indeed from an algebraic subgroup of GLr × GLs
over Q.
On the other hand, (4) and (5) clearly define an algebraic subgroup of
GLr×GLs over R. But as we are only interested in Q-points, we may replace
this algebraic subgroup by the (Zariski) closure of its intersection with the Q-
points GLr(Q)×GLs(Q). This closure is an algebraic subgroup of GLr×GLs
over Q and the Q-points are the same. 
Remark 5.5. Assume that char(k) = 0. Then by the above arguments,
pi0Aut(X) is commensurable with Aut
Gaff
gp (G) whenever K is diagonalizable,
e.g., when G is a semi-abelian variety. But this fails in general. Consider
indeed a non-zero abelian variety A and its universal vector extension,
0 −→ U −→ G −→ A −→ 0.
Then G is a smooth connected algebraic group, and Gaff = U ≃ H
1(A,OA)
∨
is a vector group of the same dimension as A. Moreover, G is anti-affine (see
[BSU13, Prop. 5.4.2]). Let Y := P(U ⊕ k) be the projective completion of
U . Then the action of U on itself by translation extends to an action on Y ,
and X := G ×U Y is a smooth projective equivariant completion of G by a
projective space bundle over A. One may check that AutUgp(G) is trivial, and
Aut(X) ≃ Aut(A); in particular, the group pi0Aut(X) ≃ Aut(A, 0) is not
necessarily finite.
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